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Abstract
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1 Introduction
Given a static finite metric space (X, dX), hierarchical clustering method finds a hierarchical fam-
ily of partitions that captures some multi-scale features present in the dataset. These hierarchical
families of partitions are called dendrograms (see figure on the left) and from a graph theoretic per-
spective, they are planar, hence their visualization is straightforward.

We now turn our attention to a problem of clustering of dynamic data.
We model dynamic datasets as time-varying (directed) graphs or time-
varying finite metric spaces and study a simple generalization of the no-
tion of dendrogram which we call formigram (see figure on the right)–
a combination of the words formicarium1and diagram. Whereas den-
drograms are useful for modeling situations when data points aggre-

gate along a certain scale parameter, formigrams are better suited for representing phenomena
when data points may also separate or disband and then regroup at different parameter values.
One motivation for considering this scenario comes from the study and characterization of flock-
ing/swarming/herding behavior of animals [4, 18, 19, 20, 28, 31, 34, 35], convoys [23], moving
clusters [24], or mobile groups [21, 36].

In contrast to dendrograms, formigrams are not always planar, so
more simplification is desirable in order to easily visualize the informa-
tion they contain. We do this by associating zigzag persistent homology
barcodes/diagrams [9] to formigrams. We prove that the resulting sig-
natures turn out to be (1) stable to perturbations of the input dynamic
metric space and (2) still informative. The so called Single Linkage
Hierarchical Clustering method [22] produces dendrograms from finite metric spaces in a stable
manner: namely, if the input static datasets are close in the Gromov-Hausdorff sense, then the out-
put dendrograms will also be close [11]. This result is further generalized for higher dimensional
homological features [14].

1.1 Overview of the results in [26]
The work in [26, 27] was motivated by the desire to construct a well-defined summarization tool
of clustering behavior of time-varying metric data, which will be said to be dynamic metric spaces
(DMSs). In [26], we introduced a method to summarize DMSs into dynamic graphs, formigrams,
Reeb graphs, which eventually enables us to produce clustering barcodes derived from DMSs. We
now review some main concepts from that paper.

Throughout this paper X and Y are non-empty finite sets. We denote the set of real numbers
and the set of non-negative real numbers by R and R+, respectively.

Definition 1.1 (Dynamic metric spaces). A dynamic metric space is a pair γX = (X, dX(·)) where
X is a non-empty finite set and dX : R×X ×X → R+ satisfies:

(i) For every t ∈ R, γX(t) = (X, dX(t)) is a pseudo-metric space.

(ii) There exists t0 ∈ R such that γX(t0) is a metric space.

1A formicarium is an enclosure for keeping ants under semi-natural conditions [37].
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Figure 1: Summarization process of a DMS. A DMS, which is represented as a dynamic point
cloud in the first row over the time axis, is converted into a dynamic graph, into a formigram, and
eventually into a barcode.

(iii) For fixed x, x′ ∈ X , dX(·)(x, x′) : R→ R+ is continuous.

We refer to t as the time parameter.

Condition (iii) above is assumed in order rule out redundant points inX . The details pertaining
to DMSs can be found in Section 2.

Main result (stable summarization process of DMSs/DGs into barcodes). Let γX = (X, dX(·))
and γY = (Y, dY (·)) be any two (tame) DMSs over non-empty finite sets X and Y , respectively.
The DMSs γX , γX can be summarized into dynamic graphs GX ,GY (Section 3) and into formi-
grams θX , θY and into barcodes dgm(θX), dgm(θY ) (Section 4), respectively in order. Moreover,
there exist the distances ddynMI , ddynGI , dFI , dB for DMSs, dynamic graphs, formigrams, and bar-
codes respectively, satisfying the following inequalities (Theorems 3.12, 4.4, and 4.7):

2 ddynMI (γX , γY ) ≥ 2 ddynGI (GX ,GY ) (1)

≥ 2 dFI (θX , θY ) (2)
≥ dB (dgm(θX), dgm(θY )) . (3)

We remark that the final lower bound can be computed in polynomial time [9, 17, 30]. Also,
we emphasize that given any two dynamic graphs (which are not necessarily derived from DMSs),
not only one can quantify the behavioral difference between the dynamic graphs by computing
ddynGI but also one can summarize the dynamic graphs into formigrams and in turn barcodes with
a guarantee of stability by virtue of the second and the third inequality above.

In the rest of the paper, we recall the notions that are necessary for understanding the main
result above, without trying to describe the entire scope of the methods and results obtained in the
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original papers. Omitted proofs can be found in [26]. Also, in [25], one can find a direct way to
summarize DMSs into formigrams with the same stability as above, but without passing through
dynamic graphs.

2 Dynamic metric spaces (DMSs)
We introduce various examples of DMSs and the λ-slack interleaving distance for DMSs.

Details and omitted proofs can be found in [26].

2.1 Examples of DMSs and tameness
In this section we introduce definitions pertaining to our model for dynamic metric spaces (DMSs)
as well as some examples of DMSs. In particular, tameness (Definition 2.3) is a crucial requirement
on DMSs, which permits transforming DMSs into DGs, formigrams, Reeb graphs, and eventually
barcodes.

Example 2.1 (Examples of DMSs). (i) Given a finite metric space (X, d′X), define the DMS
γX = (X, dX(·)) where dX(·) is the constant function on its first argument equal to d′X . We
refer to these as constant DMSs.

(ii) Another family of examples is given by n particles/animals moving continuously inside an
environment Ω ⊂ Rd where particles are allowed to coalesce. If the n trajectories are
p1(t), . . . , pn(t) ∈ Rd, then let P := {1, . . . , n} and define a DMS γP := (P, dP (·)) as
follows: for t ∈ R and i, j ∈ {1, . . . , n}, let dP (t)(i, j) := ‖pi(t) − pj(t)‖, where ‖ · ‖
denotes the Euclidean norm.

(iii) Another example of a DMS is given by the following construction: Let ψ : R→ R+ be any
non identically zero continuous function. Then, for any finite metric space (X, d′X) consider
the DMS γψX = (X, dψX(·)) where for t ∈ R, dψX(t) := ψ(t) · d′X .

We now introduce a notion of equality between two DMSs.

Definition 2.2 (Isomorphic DMSs). Let γX = (X, dX(·)) and γY = (Y, dY (·)) be two DMSs. We
say that γX and γY are isomorphic if there exists a bijection ϕ : X → Y such that ϕ is an isometry
between γX(t) and γY (t) across all t ∈ R.

We finish this section by introducing a notion of tameness of DMS which will ultimately ensure
that the clustering barcodes of DMSs are well defined. First, we define tame functions f : R→ R:
a continuous function f : R → R is tame, if for any c ∈ R and any finite interval I ⊂ R, the
set f−1(c) ∩ I ⊂ R is empty or has only finitely many connected components. For instance,
polynomial functions (in particular, constant functions) and Morse functions on R are tame.

Definition 2.3 (Tame DMSs). We say that a DMS γX = (X, dX(·)) is tame if for any x, x′ ∈ X
the function dX(·)(x, x′) : R→ R+ is tame.
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2.2 The λ-slack interleaving distance between DMSs

The main goal of this section is to introduce a [0,∞)-parametrized family
{
ddynMI,λ

}
λ∈[0,∞)

of

extended metrics for DMSs. Each metric in this family is a hybrid between the Gromov-Hausdorff
distance and the interleaving distance [8, 13] for Reeb graphs [16]. Specifically, we have a stability
result with respect to the most stringent metric (the metric corresponding to λ = 0) in the family
(Theorem 3.12). We begin with introducing new notation:

Definition 2.4. Let ε ≥ 0. Given any map d : X × X → R, by d + ε we denote the map
X ×X → R defined as (d+ ε)(x, x′) = d(x, x′) + ε for all (x, x′) ∈ X ×X.

Definition 2.5. Given any DMS γX = (X, dX(·)) and any closed interval I ⊂ R, define the map∨
I dX : X ×X → R+ by (

∨
I dX) (x, x′) := mint∈I dX(t)(x, x′) for all (x, x′) ∈ X ×X.

Given any map d : X ×X → R, let Z be any set and let ϕ : Z → X be any map. Then, we
define ϕ∗d : Z × Z → R as

ϕ∗d(z, z′) := d (ϕ(z), ϕ(z′))

for all (z, z′) ∈ Z × Z.
We establish a method for interconnecting any two DMSs via a tripod, which has been utilized

for constructing a distance between filtered spaces [29] and a distance between Reeb graphs [3].

Definition 2.6 (Tripod). Let X and Y be any two sets. A tripod R between X and Y is a pair
of surjections from another set Z to X and Y , respectively. Namely, R can be expressed as the
diagram R : X

ϕX

�−−− Z
ϕY−−−� Y.

Definition 2.7 (Comparison of functions via tripods). Consider any two maps d1 : X × X → R

and d2 : Y × Y → R. Given a tripod R : X
ϕX

�−−− Z
ϕY−−−� Y between X and Y , by d1 ≤R d2

we mean ϕ∗Xd1(z, z
′) ≤ ϕ∗Y d2(z, z

′) for all (z, z′) ∈ Z × Z.

For any t ∈ R, let [t]ε := [t− ε, t+ ε].

Definition 2.8 (λ-distortion of a tripod). Fix λ ≥ 0. Let γX = (X, dX(·)) and γY = (Y, dY (·)) be
any two DMSs. Let R : X

ϕX

�−−− Z
ϕY−−−� Y be a tripod between X and Y such that

for all t ⊂ R,
∨
[t]ε

dX ≤R dY (t) + λε and
∨
[t]ε

dY ≤R dX(t) + λε. (4)

We call any such R a (λ, ε)-tripod between γX and γY . Define the λ-distortion disdynλ (R) of R to
be the infimum of ε ≥ 0 for which R is a (λ, ε)−tripod.

For λ > 0, disdynλ (R) in Definition 2.8 takes into account both spatial and temporal distortion
of the tripod R between γX and γY (see examples in [26, Section 9.3]). Also in Definition 2.8, one
can check that if R is a (λ, ε)-tripod, then R is also a (λ, ε′)-tripod for any ε′ > ε.

Now we introduce a family of metrics for DMSs. An example will be provided right after the
definition.
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Figure 2: The interleaving condition. The thick blue curve and the thick red curve represent
the graphs of ψ0(t) = 1 + cos(t) and ψ1(t) = 1 + cos(t + π/4), respectively. Fixing ε ≥ 0,
define a function Sε(ψ0) : R → R by Sε(ψ0)(t) := mins∈[t]ε ψ0(s). The thin curves below the
thick blue curve illustrate the graphs of Sε(ψ0) for several different choices of ε. Note that for
ε ≥ π/4 ' 0.785, it holds that Sε(ψ0) ≤ ψ1.

Definition 2.9 (The λ-slack interleaving distance between DMSs). For each λ ≥ 0, we define the
λ-slack interleaving distance between any two DMSs γX = (X, dX(·)) and γY = (Y, dY (·)) as

ddynMI,λ (γX , γY ) := min
R

disdynλ (R)

where the minimum ranges over all tripods between X and Y . For simplicity, when λ = 0, we
write ddynMI instead of ddynMI,0 . If ddynMI (γX , γY ) ≤ ε for some ε ≥ 0, then we say that γX and γY
are ε-interleaved or simply interleaved.

By Definition 2.9, it is clear that for all λ > 0, ddynMI,λ ≤ ddynMI . We call any DMS γX =
(X, dX(·)) bounded if there exists r > 0 such that the distance between any pair of points in X
does not exceed r across all t ∈ R.

Theorem 2.10 ([26, Theorem 9.14]). For each λ ≥ 0, ddynMI,λ is an extended metric between DMSs
modulo isomorphism. In particular, for λ > 0, ddynMI,λ is a metric between bounded DMSs modulo
isomorphism.

We remark the following: (1) For λ > 0, ddynMI,λ generalizes the Gromov-Hausdorff distance
([26, Remark 11.28]): For any λ > 0 and for any two constant DMSs γX ≡ (X, dX) and γY ≡
(Y, dY ), we have λ

2
· ddynMI,λ (γX , γY ) = dGH((X, dX), (Y, dY )). See [26] for more details. (2) The

metrics ddynMI,λ for different λ > 0 are bilipschitz-equivalent ([26, Proposition 11.29]).

Example 2.11 (An interleaved pair of DMSs). This example refers to Figure 2. Fix the two-
point metric space (X, dX) = ({x, x′}, ( 0 1

1 0 )) and consider two DMSs γψ0

X = (X, dψ0

X ) and γψ1

X =
(X, dψ1

X ) as in Example 2.1 (iii) where, for t ∈ R, ψ0(t) = 1 + cos(t), ψ1(t) = 1 + cos(t + π/4).
Then, γψ0

X and γψ1

X are ε-interleaved if and only if for i, j ∈ {0, 1}, i 6= j, and for all t ∈ R,
Sε(ψi)(t) := mins∈[t]ε ψi(s) =

(∨
[t]ε d

ψi

X

)
(x, x′) ≤ d

ψj

X (t)(x, x′) = ψj(t). In fact, this inequality

holds if and only if ε ≥ π/4, and hence ddynMI

(
γψ0

X , γ
ψ1

X

)
= π/4.

We finish this section with a discussion of the computational complexity of ddynMI . A DMS
γX = (X, dX(·)) is said to be piecewise linear if for all x, x′ ∈ X , the function dX(·)(x, x) :
R → R+ is piecewise linear. We denote by SX the set of all breakpoints of all distance functions
dX(·)(x, x′), x, x′ ∈ X .
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Theorem 2.12 (Complexity of ddynMI ). Fix ρ ∈ (1, 6) and let γX and γY be piecewise linear
DMSs. Then, it is not possible to compute a ρ-approximation to ddynMI (γX , γY ) in time polynomial
in |X|, |Y |, |SX |, and |SY |, unless P = NP .

The theorem above suggests that computing the lower bound for ddynMI given by the main result
in Section 1 is a pragmatic approach to comparing DMSs.

3 Dynamic graphs (DGs)
In this section we recall the notion of DGs and the interleaving distance between DGs. Details and
omitted proofs can be found in [26].

3.1 Definition of DGs
Recall that a multiset is a generalized notion of a set in that a multiset allows multiple instances of
the multisets elements (but the order of the elements does not matter). For example, {x, x, y} is a
multiset. We define dynamic graphs as a model for time-varying graph theoretic structures. For a
set X , let pow(X) be the power set of X and let

pow2(X) = {X ′ : X ′ is a multiset consisting of elements in X with |X ′| = 2} .

Note that given any graph GX = (X,EX), its edge set EX is an element of pow (pow2 (X)).

Definition 3.1 (Dynamic graphs). A dynamic graph (DG) GX over X is a pair of maps

VX(·) : R→ pow(X) and EX(·) : R→ pow (pow2 (VX(·))),

satisfying the conditions below. By crit(GX) we denote the union of the set of points of disconti-
nuity of VX(·) and the set of points of discontinuity of EX(·). We call the elements of crit(GX) the
critical points of GX . We require GX = (VX(·), EX(·)) to satisfy the following:

(i) (Self-loops) For all t ∈ R and for all x ∈ VX(t), {x, x} ∈ EX(t).

(ii) (Tameness) The set crit(GX) is locally finite.2

(iii) (Lifespan of vertices) for every x ∈ X , the set Ix := {t ∈ R : x ∈ VX(t)}, said to be the
lifespan of x, is a non-empty interval.

(iv) (Comparability) for every t ∈ R, it holds that

VX(t− ε) ⊂ VX(t) ⊃ VX(t+ ε) and EX(t− ε) ⊂ EX(t) ⊃ EX(t+ ε)

for all sufficiently small ε > 0.

In plain words, a DG is a graph that is subjected to a sequence of updates such as addi-
tion/deletion of vertices/edges (see Figure 3 for an illustration). We remark that the ‘self-loops’
condition of Definition (i) is introduced for purely technical reasons since it helps ease notation in
defining a distance between DGs in Section 3.2. Also, Definition 3.1 (iii), (iv) together implies that
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Figure 3: An illustration of a specific dynamic graph suppressing all the self-loops (see Definition
3.1 (i)). Different shapes of vertices indicate their different birth times in the dynamic graph.

the lifespan of vertices in a DG are non-empty closed intervals. Also, Definition 3.1 (iii) implies
that the lifespan of edges in a DG are a (possibly empty) union of closed intervals.

We specify the notion of isomorphism in the class of DGs:

Definition 3.2 (Isomorphism for DGs). Two DGs GX = (VX(·), EX(·)) and GY = (VY (·), EY (·))
are isomorphic if there exists a bijection ϕ : X → Y such that for all t ∈ R, VX(t) = ϕ (VY (t))
and {x, x′} ∈ EX(t) if and only if {ϕ(x), ϕ(x′)} ∈ EY (t). In words, the map ϕ serves as a graph
isomorphism between GX and GY for all time.

3.2 The interleaving distance between DGs
The main goal of this section is to recall the notion of the ε-smoothing of DGs, as well as a (pseudo)
metric on the collection of DGs.

Let GX = (X,EX) be any graph and let Z be any set. For any map ϕ : Z → X , the
pullback GZ := ϕ∗GX of GX via ϕ is the graph on the vertex set Z with the edge set EZ =
{{z, z′} : {ϕ(z), ϕ(z′)} ∈ EX} .

Definition 3.3 (Pullback of a DG). Let GX = (VX(·), EX(·)) be a DG and let Z be any set.
For any map ϕ : Z → X , the pullback GZ := ϕ∗GX of GX via ϕ is a DG over Z defined as
follows: for all t ∈ R, GZ(t) is the graph on the vertex set VZ(t) = ϕ−1 (VX(t)) with the edge set
EZ(t) = {{z, z′} : {ϕ(z), ϕ(z′)} ∈ EX(t)} .

In order to define the interleaving distance between DGs, we first establish a method for inter-
connecting any two DGs via a tripod (Definition 2.6).

Definition 3.4 (Comparison between two DGs via a tripod). Let GX = (VX(·), EX(·)) ,GY =

(VY (·), EY (·)) be any two DGs and let R : X
ϕX

�−−− Z
ϕY−−−� Y be any tripod between X and

Y . We write GX
R−→ GY if for all t ∈ R, ϕ∗XGX(t) is a subgraph of ϕ∗Y GY (t), i.e. the vertex set and

the edge set of ϕ∗XGX(t) are subsets of those of ϕ∗Y GY (t), respectively.

In Definition 3.4, GX
R−→ GY implies that for all t ∈ R, any function f : X → Y satisfying

{(x, f(x)) : x ∈ X} ⊂ ϕY ◦ ϕ−1X gives rise to a graph morphism from GX(t) to GY (t) . However,
the converse is not true in general. See the example below.

2To say that A ⊂ R is locally finite means that for any bounded interval I ⊂ R, the cardinality of I ∩A is finite.
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Example 3.5. Let X = {x} and Y = {y, y′}. Let GX = (VX(·), EX(·)) and GY = (VY (·), EY (·))
be the constant DGs defined as follows: For all t ∈ R, VX(t) = {x}, EX(t) = {{x, x}}, VY (t) =
{y, y′}, and EY (t) = {{y, y}, {y′, y′}}. SinceX is singleton, there exists the unique map ϕ : Y →
X . Consider the tripod R : X

ϕ
�−− Y

idY−−−−� Y . Then, it is not true that GX
R−→ GY , whereas for

every t ∈ R, any function f : X → Y is a graph morphism between GX(t) and GY (t).

As an ingredient for defining our distance between DGs, we introduce the notion of ε-smoothing
of DGs for ε ≥ 0. The intuition is that ε-smoothed-out DGs will be oblivious to ephemeral dis-
connections between their vertices.

Definition 3.6 (Time-interlevel smoothing of DGs). Let GX = (VX(·), EX(·)) be any DG.

(i) Let I ⊂ R be an interval. We define
⋃
I

GX :=

(⋃
t∈I

VX(t),
⋃
t∈I

EX(t)

)
.

(ii) Let ε ≥ 0. The ε-smoothing SεGX of GX is defined as follows:

SεGX(t) =
⋃
[t]ε

GX for t ∈ R.

The time-dependent graph SεGX introduced in Definition 3.6 (ii) is indeed a DG, i.e. SεGX
satisfies all the conditions in Definition 3.1 [26, Proposition 6.7].

Definition 3.7 (Interleaving distance between DGs). Any two DGs GX = (VX(·), EX(·)) and
GY = (VY (·), EY (·)) are said to be ε-interleaved if there exists a tripod R between X and Y such
that

GX
R−→ SεGY and GY

R−→ SεGX .

We call any such R an ε-tripod between GX and GY . The interleaving distance ddynGI (GX ,GY )
between GX and GY is defined as the infimum of ε ≥ 0 for which there exists an ε-tripod be-
tween GX and GY . If there is no ε-tripod between GX and GY for any ε ≥ 0, then we declare
ddynGI (GX ,GY ) = +∞.

Theorem 3.8 ([26, Theorem 6.10]). ddynGI in Definition 3.7 is an extended pseudo metric on DGs.

The following theorem is analogous to Theorem 3.9.

Theorem 3.9 (Complexity of ddynGI [26, Theorem 6.11]). Fix ρ ∈ (1, 6). Then, it is not possible to
compute a ρ-approximation to ddynGI (GX ,GY ) between DGs in time polynomial in |X|, |Y |, |crit(GX)|,
and |crit(GY )|, unless P = NP .

Theorem 3.9 is proved by showing that the computation of the Gromov-Hausdorff distance be-
tween finite metric spaces is amount to the computation of the interleaving distance ddynGI between
DGs. Theorem 3.9 indicates that computing the lower bound for ddynGI given by the main result in
Section 1 is a realistic approach to comparing DGs.
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3.3 From DMSs to DGs
In this section we propose a method to turn tame DMSs into DGs. Then, in turn, those DGs can be
summarized further by converting them into formigrams and barcodes (see Figure 1) according to
the method we will establish (Proposition 4.6).

By Met we mean the category of finite metric spaces with 1-Lipschitz maps [12]. Also we
consider the category Graph of graphs defined by specifying its objects and morphisms:

• Objects: pairs GX = (X,EX) consisting of a vertex set X and an edge set EX , where EX
is a collection of two-point multisets consisting of points in X . Specifically, for any x ∈ X ,
the multiset {x, x} can be included in EX , implying the existence of the self-loop at x in
GX . However, there can be no multiple edges that connect the same two vertices.

• Morphisms: given any graphs GX = (X,EX) and GY = (Y,EY ) over vertex sets X and Y
respectively, a map f : X → Y will be said to be a graph morphism if {x, x′} ∈ EX implies
{f(x), f(x′)} ∈ EY .

Definition 3.10 (The δ-Rips functor). For δ ≥ 0, we define the δ-Rips graph functor R1
δ : Met→

Graph as follows: for any finite metric space (X, dX), R1
δ(X, dX) is the graph on the vertex set

X with the edge set EX = {{x, x′} : dX(x, x′) ≤ δ} (note that by definition every vertex x of the
graphR1

δ(X, dX) has the self-loop {x, x} in EX).

Recall the concept of tame DMSs from Definition 2.3. The following proposition establishes
that the Rips graph functor turns a tame DMS into a DG.

Proposition 3.11 (From DMS to DG [26, Proposition 9.5]). Let γX be a tame DMS over X and
let δ ≥ 0. Then, by definingR1

δ(γX)(t) := R1
δ(γX(t)) for t ∈ R,R1

δ(γX) is a DG over X .

The following theorem corresponds to the first inequality of the main result in Section 1:

Theorem 3.12 (R1
δ is 1-Lipschitz). Let γX = (X, dX(·)) and γY = (Y, dY (·)) be any tame DMSs.

Fix any δ ≥ 0. Consider the DGs GX := R1
δ(γX),GY := R1

δ(γY ), as in Proposition 3.11. Then,

ddynGI (GX ,GY ) ≤ ddynMI (γX , γY ).

Proof. The proof can be completed by checking that for any ε ≥ 0, any (0, ε)-tripod R between
γX and γY (Definition 2.9) is also an ε-tripod between GX and GY (Definition 3.7).

4 Formigrams
The goal of this section is to recall the construction of certain dendrogram-like structures that are
able to represent the clustering information of time-varying metric spaces, graphs/networks, or
point clouds. This leads to formigrams [25]. Also, we will investigate (1) how formigrams can be
summarized into simpler signatures, and (2) how DGs can be summarized into formigrams.

4.1 Formigrams and their summarizations
In this section we define formigrams rigorously. Also, a method to summarize a formigram into its
Reeb graph, and its barcode will be introduced in an intuitive way. Refer to [26] for the relevant
details.
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Formigrams. We begin with introducing notation of sub-partitions. Given any non-empty finite
set X , we call any partition P of a subset X ′ of X a sub-partition of X (in particular, any partition
of the empty set is defined as the empty set). In this case we call X ′ the underlying set of P .

Definition 4.1 (Collection of (sub-)partitions). Let X be a non-empty finite set.

(i) By Psub(X), we denote the set of all sub-partitions of X , i.e.

Psub(X) := {P : ∃X ′ ⊂ X , P is a partition of X ′} .

(ii) By P(X), we denote the subcollection of Psub(X) consisting solely of partitions of the
whole X .

Given P,Q ∈ Psub(X), by P ≤ Q we mean “P is finer than or equal to Q”, i.e. for all B ∈ P ,
there exists C ∈ Q such that B ⊂ C.

In order to represent the diverse clustering behaviors of dynamic datasets we need a concept of
sub-partition valued map. In particular, these sub-partition valued map should be defined in a more
flexible way than dendrograms or treegrams which are prevalent tools static metric spaces/networks
[11, 33]. Here we suggest a “zigzag like” notion of dendrograms that we call formigram.3 Unlike
dendrograms, we allow (sub-)partitions to become finer sometimes as the time parameter increases,
but require that partitions defined by a formigram change only finitely many times in any finite
interval. We provide an example with an illustration after the definition.

Definition 4.2 (Formigram). A formigram over a finite set X is any function θX : R → Psub(X)
such that:

(i) (Tameness) the set crit(θX) of points of discontinuity of θX is locally finite. We call the
elements of crit(θX) the critical points of θX .

(ii) (Interval lifespan) for every x ∈ X , the set Ix := {t ∈ R : x ∈ B ∈ θX(t)}, said to be the
lifespan of x, is a non-empty closed interval,

(iii) (Comparability) for every point c ∈ R it holds that θX(c − ε) ≤ θX(c) ≥ θX(c + ε) for all
sufficiently small ε > 0.4

Definition 4.2 generalizes both the definitions of dendrogram and treegram. Specifically, a
formigram over a finite set X can have an element x ∈ X that disappears at some t ∈ R, in
contrast to dendrograms or treegrams. Also, if θX is right-continuous on the whole R, then θX(t)
can only get coarser as t increases, just as dendrograms/treegrams. Just as in the case of dendro-
grams/treegrams, we can also graphically represent formigrams by drawing their Reeb graphs, see
Figures 4 for the intuition.

Example 4.3. Let X = {x1, x2, x3} and define a formigram θX over X as follows: θX(t) = {X}
for t ∈ (−∞, 2] ∪ [17,∞), θX(t) = {{x1, x2}, {x3}} for t ∈ (2, 6], θX(t) = {{x1}, {x2}, {x3}}
for t ∈ (6, 10) ∪ (15, 17), and θX(t) = {{x1}, {x2, x3}} for t ∈ [10, 15]. See Figure 4.

3The name formigram is a combination of the words formicarium and diagram.
4If θX is not continuous at c, then at least one of the relations of θX(c− ε) ≤ θX(c) ≥ θX(c+ ε) would be strict

for small ε > 0. But if c is a continuity point of θX , then θX(c− ε) = θX(c) = θX(c+ ε) for small ε > 0.
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Figure 4: (A) The Reeb graph of θX enriched with the labels from Example 4.3. Note that
crit(θX) = {2, 6, 10, 15, 17}. (B) The barcode dgm(θX) of θX . For each t ∈ R, the number of
blocks in θX(t) is equal to the number of intervals containing t in dgm(θX).

Summarizing a formigram. As Figure 4 (A) indicates, any formigram has its underlying geo-
metric structure, the Reeb graph of the formigram. This Reeb graph can be further summarized
into its barcode, capturing the length of the loops and branches in the formigram. See Figure 4 (B)
for the barcode of the Reeb graph drawn in Figure 4 (A). An exact algorithm to obtain the Reeb
graph of the formigram and in turn the barcode of the Reeb graph is described in [26].

4.2 From formigrams to Reeb graphs, and to barcodes
In the same spirit as Definitions 2.9 and 3.7, defining the notion of ε-smoothing operation on
formigrams leads to the interleaving distance dFI between formigrams [25], [26, Section 6.2]. In-
terestingly, the distance dFI generalizes the Gromov-Hausdorff distance restricted on the class of
ultrametric spaces ([25, Theorem 2], [26, Proposition 11.4]), which leads to the conclusion that
the cost for computing dFI is high [25, Theorem 3], [26, Theorem 11.5].

On the other hands, there exist the well-known distances, the interleaving distance dReeb
I be-

tween Reeb graphs [16] and the bottleneck distance dB between barcodes/persistence diagrams
[15]. The simplification/summarization process of a formigram θX into its Reeb graph Reeb(θX)
and in turn into the 0-th levelset barcode L0 (Reeb(θX)) [10] of Reeb(θX) is stable:

Theorem 4.4 ([26, Proposition 11.9], [7, Theorem 4.13], [5]). For any two formigrams θX and θY
over X and Y respectively, we have:

2 dFI (θX , θY ) ≥ 2 dReeb
I (Reeb(θX),Reeb(θY )) ≥ dB (L0 (Reeb(θX)) ,L0 (Reeb(θY ))) .

We remark thatL0 (Reeb(θX)) andL0 (Reeb(θY )) above coincide with dgm(θX) and dgm(θY )
in inequality (3) in Section 1, respectively. The reason for using dgm(θX) and dgm(θY ) in Section
1 is that computing the Reeb graphs Reeb(θX) and Reeb(θY ) are not mandatory for obtaining
the barcodes dgm(θX) and dgm(θY ) in practice.

Also, since computing dReeb
I is known to be hard [6, 16], the only metric that can be computed

in polynomial time is the bottleneck distance dB in the above inequality [9, 17, 30].

4.3 From DGs to formigrams
In this section we describe the process that associates a (certain) formigram to any DG. Recall
the category Graph from Section 3. By Sets we mean the category of sets with set maps as
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morphisms.

Definition 4.5 (Path component functor π0 : Graph→ Sets). Given any graph GX = (X,EX),
define the partition π0(X,EX) := X/ ∼ of X where ∼ stands for the equivalence relation on X
defined by x ∼ x′ if and only if there exists a sequence x = x1, x2, . . . , xn = x′ of points in
X such that {xi, xi+1} ∈ EX for each i ∈ {1, . . . , n − 1}. In words, the relation ∼ on X is the
transitive closure of the adjacency relation of the graph GX .

Note that any graph morphism f : GX = (X,EX) → GY = (Y,EY ) induces a set map
π0(f) : π0(GX)→ π0(GY ) sending each block B ∈ π0(GX) to the unique block C ∈ π0(GY )
such that f(B) ⊂ C.

We can turn any DG into a formigram:

Proposition 4.6. Let GX = (VX(·), EX(·)) be a DG. Then, the function π0(GX) : R → Psub(X)
defined by π0 (GX) (t) = π0 (GX(t)) for t ∈ R satisfies all the conditions in Definition 4.2, there-
fore it is a formigram.

Proof. Since any DG GX satisfies Definition 3.1 (ii) ,(iii), and (iv), π0(GX) necessarily satisfies
Definition 4.2 (i), (ii), and (iii).

DGs are mapped into formigrams via the path connected functor π0 (Definition 4.5) in a stable
manner:

Theorem 4.7 (π0 is 1-Lipschitz). Let GX = (VX(·), EX(·)) and GY = (VY (·), EY (·)) be any two
DGs. Let π0(GX) and π0(GY ) be the formigrams defined as in Proposition 4.6. Then,

dFI (θX , θY ) ≤ ddynGI (GX ,GY ).

By virtue of Theorems 4.7 and 4.4, any DG can be summarized into its clustering barcode with
a guarantee of stability.

5 Computational experiments [27]
The webpage https://research.math.osu.edu/networks/formigrams/ contains
the videos on four distinctive flocking behaviors and the description of a computational experiment
which aims at classifying these flocking behaviors by analyzing their clustering barcodes. In what
follows we describe this experiment in details.

Boids model: creating synthetic flocking behaviors. In order to generate various flocking be-
haviors, a slightly modified code for Boids [32, 1], a shorthand for ’bird-oid objects’ referring
to bird-like object, is utilized. In this flocking model, the behaviors of individual entities are
governed by tuning the following parameters in the real interval [0, 1]: separation (preference of
entities to not be too close to each other) , alignment (tendency of an entity to synchronize its
velocity to that of its neighbors), and cohesion (tendency to move toward the average position of
neighbors/flockmates). By s, a, c, we will refer to the separation, alignment, and cohesion param-
eters, respectively. Once these parameters are fixed (together with some auxiliary parameters such
as the number n of entities in a flock), then the simulation of a flocking behavior is initiated on a
flat 2-dimensional torus with a random initial configuration of the entities.
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Generation of flocking behaviors. The number of entities in a flock is fixed as n = 40, and
a certain connectivity parameter δ > 0 is also fixed. This connectivity parameter is the one for
specifying the δ-Rips functor in Definition 3.10. Four distinctive parameter settings (s1, a1, c1),
(s2, a2, c2), (s3, a3, c3), and (s4, a4, c4) are set up, which generate four distinctive flocking be-
haviors in appearance in the simulation (see the aforementioned web-page for the videos of these
flocking behaviors). For each parameter setting, 20 repeats of the simulation are run with a random
initial configuration for each simulation. Note that all these flocking behaviors can be regarded as
dynamic metric spaces with the time-varying metric inherited from the ambient space, the flat
torus. Therefore, by the main result in Section 1, each of flocking behavior can be summarized
into its clustering barcode. Since twenty times of the simulation are run for the four parameter set-
tings (si, ai, ci), i = 1, 2, 3, 4, eighty clustering barcodes are the outcomes of the summarization
process.

Classification of flocking behaviors. In order to compute the eighty clustering barcodes, the
software Dionysus [2] was utilized (to compute zigzag persistence). These barcodes can be ordered
by denoting them by Di for i = 1, . . . , 80, so that the first 20 barcodes are the outcomes from the
parameter setting (s1, a1, c1) and the next 20 barcodes Di, i = 21, . . . , 40 are the outcomes from
the setting (s2, a2, c2) and so on. In particular, the (80 × 80)-matrix B = (bij)1≤i,j≤80 of the
bottleneck distance can be defined as bij := dB(Di, Dj). The single linkage hierarchical clustering
(SLHC) and the multidimensional scaling (MDS) methods are carried out by making use of the
matrix B as an input: In brief, both of these methods visualize how a set of points in a metric
spaces are distributed. The eighty barcodes Di, i = 1, . . . , 80 are regarded as eighty points in the
space of barcodes equipped with the bottleneck distance. Notice that if the eighty barcodes form
four clusters according to their parameter settings in the outcome of the SLHC and the MDS, it
indicates that the clustering barcodes are faithful signatures of the flocking behaviors from which
they originate. Interestingly, both of the outcomes from the SLHC and the MDS are plotted in
Figures 5 and 6.
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